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Abstract. In a recent paper, Tacher and co-workers proposed an interesting numerical technique
to generate granular porous media. In this contribution, we present a similar procedure based on
a sedimentation algorithm, that is able to overcome some of the difficulties present in the former
technique. These are: (a) the impossibility to choosea priori a grading curve for the generated
medium while retaining a realistic stacking where each grain is connected to at least three of its
neighbours, and, (b) the random pattern of the grains in the porous medium, arising from their
location inside the remaining void space of a box according to an arbitrary space filling criterion.
We propose to generate three-dimensional granular media by simulating the deposition of spherical
grains in a viscous fluid. We argue that the resulting chaotic grain pattern, by reflecting the actual
generation process of sedimentary aggregates more closely, provides a better image of the complex
topology of natural granular porous media. Although the generated medium is made up of spheres, it
can be transformed, by changing the geometry of the grains through suitable domain mappings. The
resulting three-dimensional porous media provide a realistic boundary for the numerical solution
of linearized Navier–Stokes equations.
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1. Introduction

The slow viscous flow of a fluid in a saturated porous medium has been originally
investigated by Darcy (1856), who experimentally derived the well known relation
between the effective seepage velocityv [m/s], the dynamic viscosity coefficientµ
[Pa s] and the macroscopic pressure gradient

v = − k

µ
∇p, (1)

through the introduction of the scalar permeability coefficient,k [m2]. Relation (1),
although modified with the introduction of the permeability tensorK in substitution
of k, remains at the very heart of the theory of flow in porous media. In particular,
the empirical nature of relation (1) has long been replaced by a theoretical deriva-
tion, through integration on a suitably large domain of the averaged, steady-state
incompressible Stokes equations

ρf − ∇p + µ1u = 0, ∇ · u = 0, (2)
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whereρ [kg m−3] is the mass density of the fluid,u [m s−1] is the local velocity
vector andf [m s−2] the body force acting on the fluid per unit mass.

There is a wide consensus that the comprehension of the flow properties at the
macroscopic scale (1) can benefit from the quantitative study of the interaction of the
flow field at the micro scale (as represented by solutions of (2)) with the geometry
of realistic porous media. This is apparent if one considers that important properties
for the study of the averaged flow field in porous media have long been related to
properties descriptive of the topology of void spaces. Just to mention a few, this is
the case of the formation factor and of absolute permeability, that has been shown
(e.g. Bear, 1988) to depend on porosity, tortuosity and an areal quantity related to
the cross-section of the elementary channels through which the flow takes place.
Here it is relevant to emphasise that nowadays it is computationally feasible to solve
Equations (2) at the pore scale (see, e.g. Rothman, 1988; Chenet al., 1991; Di Pietro
et al., 1994; Martyset al., 1994; Maieret al., 1998), in order to investigate the relation
between microscopic properties and flow properties at the elementary volume scale.
In this direction, as shown by Adler (1992)inter alia, a further important step lies in
the generation of realistic porous media.

Structural properties of granular aggregates are a topic of considerable multi-
disciplinary interest. Accordingly, over the last few decades many papers dealing
with experimental (Dexter and Tanner, 1972; Wakeman, 1975; Onoda and Liniger,
1990;inter alia) and theoretical investigation (e.g. Torquato, 1987; Rubinstein and
Torquato, 1989; Torquato and Lu, 1990; Torquato, 1992, 1994; Quintanilla and
Torquato, 1996) of grain mixture properties have been published. More recently,
a growing number of studies have taken advantage of the possibilities offered by
synthetically reproduced porous media, that allow a thorough quantitative investi-
gation of a medium topology. To this purpose, several generation techniques have
been presented in literature, ranging from non-ballistic methodology (e.g. Jodrey and
Tory, 1985; Martyset al., 1994; Tacheret al., 1997), to ballistic procedures capable
of producing packings of nonspherical grains (Buchalter and Bradley, 1994; Coelho
et al., 1997). Ballistic algorithms usually simulate the sequential deposition of grains
and operate both in a discrete or continuous space. They basically differ for the level of
detail in the description of the interaction of the settling grain with the already settled
particles (e.g. Jullien and Meakin, 1987). Actually, one of the stumbling blocks in
the ballistic generation of porous media arises from the complexity of the interaction
of the falling grain with potentially all the already settled grains. Accordingly, most
of the ballistic simulations are limited to sphere distributions with a small variation
coefficient of the diameter (typically, monodisperse or bidisperse distributions). With
these grading curves, the falling grain does not penetrate the porous medium and stops
after a limited interaction with the current upper layer.

In a recent paper, Tacheret al.(1997) have proposed an algorithm for generating
three-dimensional random porous media. Following Allen (1985), this methodol-
ogy is here defined asrandom in the sense that the grain packing is produced
independently of a directed force. The idea at the basis of the method is that of
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introducing grains into a control volume in a random fashion, starting from the
coarsest diameter between an upper and a lower cut-off, until all spaces capable of
holding a complete particle without overlapping have been used up. Accordingly,
although quite simple, this procedure does not allow to control the final grading
curve of the porous medium and requires the specification either of a minimum grain
radius or a final porosity. Alternatively, if the grading curve is specified, the inserted
grain is not necessarily connected to others anymore, so the resulting packing is a
slightly realistic one. Although this methodology is quite interesting for its capability
of producing complex three-dimensional structures, we share Adler’s opinion (Adler,
1992) that pure chance is not sufficient to describe real porous media. This opinion
can be easily substantiated if one considers, for example, that important properties
of granular porous media depend on processes acting along preferential directions,
such as deposition and compaction. In several cases these processes determine the
anisotropy of the permeability tensorK .

In order to help overcome these difficulties, in this paper we present a methodology
to generate granular porous aggregates by simulating the sedimentation of spherical
grains in the limit of zero-inertia forces, as in a viscous fluid. This procedure is based
on a sequential ballistic algorithm as used by Coelhoet al.(1997). These authors have
proposed a remarkable methodology to settle nonspherical grains that does not solve
Newton’s laws of motion. In their algorithm, a settling grain moves under the action
of a combination of steepest descent and conjugate gradient methods. Each increment
that contributes to lower the particle barycenter without causing penetration into other
grains is allowed and each elementary displacement is uncorrelated to the previous
one. The method is a parametric one because an adjustable coefficient is introduced
to discriminate between translational or rotational degrees of freedom, when both
would lead to a decrease of the particle elevation. Here we propose a nonparametric
algorithm that simulates the settling process of spherical grains. We solve the law
of motion for the falling grain, simulating the interaction with the already settled
particles under the hypothesis of smooth constraints. Accordingly, the falling grain
does not change its angular momentum. Although this could possibly lead to a higher
packing density, the comparison of simulated media with some experimental results
available in literature confirms the effectiveness of the proposed methodology.

The porous medium resulting from the presented procedure is characterised by
a user-specified granulometric curve. Its porosity, as well as the overall topology
of the intergranular void space, arises naturally as a consequence of the deposition
process. After the porous medium has been generated, the constraint on the spherical
shape of the particles can be removed by operating an off-line transformation on the
generated grains.

2. The Generation Process

Let us consider granular media made up of settled spheres. Although several al-
gorithms for the ballistic generation of bidimensional porous structures have been
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Figure 1. A two-dimensional porous medium, created by the deposition of randomly gener-
ated grains. This kind of porous medium can be regarded as an evolution of the traditional
representation through bundles of straight capillary tubes, where flow is individually governed
by Poiseuille flow. Accordingly, although interesting for several reasons (e.g. Ghilardiet al.,
1993), as far as the representation of the flow field is concerned it provides a deceptive
visualisation of the complexity of real porous media. This can be easily realised if one
considers that a medium like this is a strongly anisotropic one, where only the component
k11 of permeability tensorK is different from zero, being 11 the index that refers to the
direction orthogonal to the page. This figure can be compared with its three-dimensional
counterpart in Figure 3(c).

proposed in literature (e.g. Ghilardiet al., 1991, 1993; Jiang and Haff, 1993; Haff
and Anderson, 1993; Jiang, 1995), when the grain arrangement is not trivial the
passage to a three-dimensional one is not straightforward. The ballistic generation
of a bidimensional porous medium (that can geometrically be seen as the orthogonal
cross-section of a multiply connected cylinder), is rather simple and can be efficiently
done by considering the interaction of a randomly generated falling grain with the
upper layer of the deposed grains only. As a matter of fact, the falling grain cannot
pass through the upper layer of the deposed medium, as this is (quite unrealistically)
impervious in the vertical direction (see, e.g. Figure 1, where grains are circles).
Accordingly, the grain, after a finite sequence of rotations and downward translations,
settles when it rests in a stable position between two other grains of the upper layer.
After this step, the upper layer is updated and the sedimentation process starts again.
Adding one dimension greatly adds to the complexity of the problem, both from
the point of view of the settling mechanics and information retrieval. On the other
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hand, in our opinion it incomparably enhances the representativeness of the generated
porous medium.

The general idea behind our algorithm for the generation of a three dimensional
porous medium can be formulated as follows. A subspace inR3 is selected where
deposition will occur. Let us think of it as a box where spheres with an assigned
diameter probability distribution are deposed in a fluid at rest, by initially inserting
them at a random location(x, y, zmax) on the upper part of the box. From this point
the generated sphere starts falling, until it touches the bottom or another sphere that
has been previously deposed.

Even from this simple preliminary description, the need for two basic ingredients
is already evident. As a prerequisite, an algorithm for the efficient search of points
located in a subspace ofR3 is required. Then, the deposition process must be mod-
elled, retaining only the aspects of the grain settling mechanics that are deemed to
be significant from the point of view of the final granular structure.

To appreciate the importance of the first point, it is sufficient to consider that in
a three-dimensional ballistically generated porous medium, a falling grain does not
interact only with the upper layer, but, at least potentially, with all the other grains that
have been already deposed. Actually, when the grain linear dimension is sufficiently
small with respect to that of the pores, it can penetrate through the porous medium as
far as the bottom of the deposition box. On the other hand, it can be easily reckoned
that, in order to obtain a realistic porous medium, where edge effects have been
filtered out, sufficiently lowd/L ratio must be kept, whered is the characteristic
linear dimension of the grain andL is the length of the side of the deposition box.
According to Ridgway and Tarbuck (1966), the effect of the hypothetical box walls in
reducing the particle concentration (i.e. increasing the porosity) persists inwards over
a distance of about five sphere diameters for uniform distributions. In the procedure
proposed by Tacheret al. (1997), this type of effect is not present because of the
unnatural way used to fill the control volume. Accordingly, a typical value of the
aforementioned ratio is at least 50, so that one can easily realise that several dozens
of thousands of grains must be deposed to generate a single realization of a three-
dimensional porous medium. Given that during the deposition of a grain its position
must be continuously checked with respect to that of grains already deposed, this
clearly prompts the need for efficient algorithms with an optimal operation count to
search for the spatial proximity of any given point in the box.

To this purpose anoctreealgorithm (see, e.g. Meagher, 1980; Yerry and Shephard,
1984) has been selected. This type of algorithm is an excellent O(log8(N )) algorithm
devised for searching for points having an arbitrary spatial distribution,N being
the dimension of the list to be searched. For simplicity’s sake, the ideas behind the
algorithm can be explained by making reference to the two-dimensional version of
the method, known asquadtree.

In a quadtree algorithm the points of listP, whereP ⊂ R = [a, b] × [c, d] (see
Figure 2(a)) are sequentially introduced in a dynamically allocated, space-ordered
structure. From a geometric point of view, the algorithm dividesR in a cascade of
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Figure 2. Logical organisation of setP ⊆ R inside a quadtree structure. In Figures 2(a) and
2(b) theRspace and the pointspi of list P are shown, along with the partition ofRoperated
by the algorithm. In Figure 2(c) the tree structure corresponding to Figure 2(b) is shown.
In Figure (2d) the partition of space operated by the octree algorithm is shown. Black dots
represent the centres of already settled spheres in the tree-like structure at an intermediate
stage of the generation of a porous medium.

quadrants (Figure 2(b)), whose level of nesting depends on the number and location
of the points contained inP.This cascade can be efficiently represented by a tree-like
structure, as shown in Figure 2(c) with reference to the set of points of Figures 2(a)
and 2(b). Each nodeni of the tree represents a quadrantqi in R. Three different
conditions are possible for a node. It can be empty (represented by empty squares in
Figure 2(c); e.g. noden2 2, corresponding to the quadrantq2 2 in Figure 2(b)) when
no point of P is contained insideqi . Otherwise, it contains either a pointxi ∈ P (solid
squares in Figure 2(c)) or four links to the four sub-quadrants directly nested inqi
(solid circles in Figure 2(c)). The latter situation happens when, during the sequential
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introduction of a point in the tree (e.g.xi+1), the point falls inside a quadrant at level
Lj where another point (e.g.xi) is already present. In such a case, the quadrant is
subdivided into four and the old pointxi is moved into its respective quadrant at level
Lj+1. Then pointxi+1 is introduced to the new quadrant into which it falls. If this
quadrant is full again, the subdivision process is iterated until a quadrant with vacant
storage space is found. Accordingly, the information associated with theP points is
contained only in the terminal nodes (leaves) of the tree.

During the search, the tree is explored andR is optimally partitioned, simply by
checking the co-ordinates of the quadrant corresponding to the current tree node. For
example, when the problem is that of finding the points that lie inside a given region,
we go down the levels of the quadtree, eliminating at the highest possible level the
quadrants that lie outside the search region.

Let us now consider the dynamics of the falling grain. As a preliminary observa-
tion, it should be noted that our purpose is not that of reproducing the dynamics of a
settling grain as much as that of building a granular structure similar to that turning
out from a sedimentation process in a viscous fluid at rest, where accelerations are
negligible and a small asymptotic falling speed is rapidly attained. Accordingly, we
shall assume that the grain is a rigid body characterized only by three translational
degrees of freedom, the three rotational degrees of freedom being irrelevant to our
analysis. Two events may stop the downward motion of a settling grain. The first is
when the grain gets to the bottom of the box. The second happens when the grain
attains a stable position between the mass centres of three other grains. In both cases
the centre of the new grain is inserted in the proper position inside the octree structure
and the generation process is iterated again. Generally, both these events are preceded
by the interactions with the surface defined by grains already settled. Here, in order
to reduce the level of complexity, another assumption has been made. We basically
assumed (as implied by the small settling velocity) that the momentum transfer
between the falling grain and the ones already settled is negligible. Accordingly, a
resting grain cannot be dislodged from its position as a consequence of the interaction
with a falling one. In the same way, the collisions do not cause the falling grain to
bounce. When a grain comes into contact with another grain, it sticks to its surface
and it moves under the action of its weight and of the constraining reaction exerted by
the surface. The dynamics of a sphere having radiusR, moving on a surface made up
by other spheres(ri, xi), whereri is the radius andxi the vector-like representation of
the centre of theith sphere, is in our case equivalent to the sliding motion of a point
(i.e. the centre of the falling sphere) on a second surface,ψ(x, y, z). This surface is
given by the envelope of spheres(ri + R, xi ) and, accordingly, is piecewise defined
as

(x − xi)2 = (R + ri)
2. (3)

The dynamics of a pointp moving on a surfaceψ(x, y, z) can be modelled by the
equation

ma = F + λ(p)∇ψ, (4)
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whereF [N] is the external force acting on the point (in our case, the grain sub-
merged weight) andλ(p)∇ψ [N] is the constraining reaction exerted onp, under
the hypothesis of smooth constraints. Equation (4) corresponds to a system of three
scalar equations from whichλ(p) can be eliminated, obtaining the two differential
equations

may = Fy + max − Fx

∂ψ/∂x

∂ψ

∂y
,

(5)
maz = Fz + max − Fx

∂ψ/∂x

∂ψ

∂z
,

that coupled to the locally known Equation (3) provide the laws of motionx(t),
y(t) and z(t) of the grain centre. From these the trajectory of the point and the
proportionality coefficientλ(p) of the constraining reaction can be computed. In
particular, if the constraint is unilateral, whenλ(p) = 0 the point abandons the
surface and continues its free fall until a new contact withψ(x, y, z) is found.

If the inertia of the grain is small, as supposed so far, the grain will come to rest
when its centre will be located, in a stable configuration, between the mass centres
of three other grains in the already settled porous medium. These three supports
completely constraint the three translational degrees of freedom of the grain.

Special attention should be given to the situations in which∇ψ is not defined on
ψ(x, y, z). This happens along the lines0i and at the singular pointŝxi onψ(x, y, z)
that correspond to double and triple contacts between the falling grain and the ones
already settled. In the former case, the motion of the falling grain is simulated as
a rotation around the axis joining the centres of the two spheres that define the
intersection0i . In the latter, a check is performed to verify whether the attained
configurationx̂i is a stable one for the falling grain. If the answer is negative, given
that x̂i is the confluence of three0i lines, the falling grain continues its downward
motion along the direction that maximises the positive work of the grain weight.

So far we have considered grains of spherical shape. This is a very convenient
way of representing the porous medium, since at the end of the generation process
this is analytically fully described by the set(r i , xi ). Apart from the noticeable but
particular case of oolite sandstone, made up of almost perfectly spherical particles, in
our opinion, this type of conceptualisation can be easily extended to provide a good
approximation for a rather wide class of porous media, deriving from the deposition
of water worn sediments. As a first step, since a prolate spheroid is merely a stretched
sphere, simply by operating the co-ordinate change

X = nx,

Y = my,

Z = pz,

(6)

that maps(x, y, z) into (X, Y, Z), it is possible to transform the settled spheres into
elliptical grains in the(X, Y, Z) space, having the same orientation and honouring
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the tangency condition that derives from the aforementioned settling mechanics.
The porous medium turning out from transformation (6) is one characterised by a
pre-defined anisotropy.

A more general mapping can be easily performed if one accepts that the granular
medium can be made up of partly overlapping grains. As far as the geometry of
the intergranular void space is concerned, the final effect induced by partial grain
overlapping is similar to that caused by diagenetic processes such as cementation or
pressure solution that can join several grains in a single larger one. For simplicity’s
sake, let us consider spherical co-ordinatesr, ϕ, θ and let S(ϕ, θ) be the adimensional
radial co-ordinate of an arbitrary shaped single-valued closed surface. Under such
an unrestrictive hypothesis, that ensures that the surface does not lap over itself, a
sphere of radiusr0 in (r, ϕ, θ) can be mapped in the arbitrary surfacer̄ = r0S(ϕ̄, ϑ̄)

in (r̄, ϕ̄, ϑ̄) simply as

r̄ = rS(ϕ, ϑ),

ϕ̄ = ϕ,

ϑ̄ = ϑ.

(7)

Accordingly, starting from the original(ri, xi) set, it is possible to obtain the void
space delimited by the grains by subtracting to the deposition box a set of (possibly)
overlapping grains shaped asS(ϕ, θ). In this case, an analytic definition of the porous
medium becomes cumbersome. However, it is here relevant to observe that, as far
as the numerical simulation of system (2) is concerned, an analytical definition of
the boundary of the porous medium is not strictly necessary and can be effectively
substituted by the void distribution function

α(x) =
{

1 if x is inside the pores,

0 otherwise,
(8)

that can be obtained by resampling the boundary description at discrete lattice sites.
This happens, for instance, in the case of the simulations of flow in porous media
performed by using lattice gas or lattice Boltzmann techniques (e.g. Rothman, 1988;
Di Pietro et al., 1994; Pilotti and Menduni, 1997; Maieret al., 1998), where the
boundary conditions along the solid boundary are easily implemented on the basis
of the Boolean state of function (8). In Figure 10(b) we provide an example of a
cross-section of a porous medium generated according to distribution C of Table I
and mapped by using a simple trigonometric transformation

r̄ = r


1 +

3∑
j=1

(Cj cos(ωjϑ)
a sin(ωjϑ))


 ·

(π
2

− abs(ϕ)
)
,

0 6 ϑ 6 2π, −π
2

6 ϕ 6 π

2
,

where the parametersCj , ωj anda have been appropriately changed from grain to
grain. This distribution, for a suitable choice of the parameters, does not change the
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Table I. Cumulative probability distributionsF(r) as a function of sphere radiusr
along with the observed porosityφ and specific surfaceS, for the 6 mixtures studied
by Dexter and Tanner (1972) and numerically investigated in this paper. MixtureA
corresponds to a monodisperse distribution.

r [m] F(r)

A B C D E F

0.001191 0 0.000959 0.065296 0.219066 0.339179 0.413466

0.001588 0 0.030501 0.249372 0.474406 0.601903 0.669966

0.001984 0 0.139416 0.423726 0.624666 0.72598 0.777425

0.002183 0 0.239562 0.528804 0.702848 0.786238 0.827723

0.002381 0 0.415222 0.665186 0.794056 0.853218 0.88214

0.002778 0 0.658711 0.799686 0.873947 0.908693 0.925899

0.003175 1 0.827394 0.884531 0.92271 0.942064 0.952006

0.003572 1 0.958998 0.955766 0.964668 0.971126 0.974907

0.004366 1 0.987505 0.980189 0.981555 0.983727 0.985229

0.004763 1 0.994549 0.9886 0.988065 0.988878 0.989559

0.005159 1 0.999473 0.996998 0.995534 0.995103 0.995001

0.00635 1 1 0.999823 0.999442 0.999132 0.99894

0.008731 1 1 1 1 1 1

φ [-] 0.406 0.402 0.3806 0.3727 0.3675 0.3584

S [m−1] 561.3 581.98 621.2 650.94 674.44 697.14

average radius of the spherical grain on which it operates. More realistic transforma-
tions can easily be devised on the basis of the quantitative analysis of the geometry
of grain particles (e.g. Heywood, 1937).

A concluding consideration regards the computational burden of the algorithm
– although not straightforward, the presented procedure is sufficiently fast to allow
implementation on a microcomputer. To be generated, all the cases presented in this
contribution require a few hours of simulation on a 486 DX4 PC.

3. The Geometry of the Resulting Porous Medium

Jullien and Meakin (1987) have studied several three-dimensional off-lattice models
for ballistic deposition of monodisperse particles, each characterised by increasing
level of detail in the description of the interaction between the settling grain and
the upper layer of the deposit. The strong porosity variation of the resulting porous
media (between 0.853 and 0.418) computed by these authors, suggests both the im-
portance of using a physically based approach to the generation of synthetic granular
porous media and the importance of comparing numerical results with experimental
measurements obtained by mixtures of spheres settled in similar conditions. Since
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it has been observed that granular materials even with the same distribution do not
pack to a unique porosity (e.g. Gray, 1968), in the following, due to the absence of
a compaction process in our simulations, the comparison will be referred to loose
packings.

Having a mathematical description of the porous medium, a thorough investi-
gation of its topology is possible. As an example, here we shall consider some of
the parameters that are typically used to characterise grain packings,viz.porosityφ
[-], specific surfaceS [m−1] and the coordination numberC [-]. While porosity and
specific surface (i.e. the overall interstitial surface area of the pores per total volume of
the sample) are closely related to the medium permeability, the coordination number
(i.e. the average number of grains with which each particle is in contact) provides an
example of an important structural parameter that cannot be easily measured from an
experimental point of view. The analysis will be limited to porous media obtained by
deposition of grains having uniform, fractal and lognormal distributions. Whereas
the uniform distribution corresponds to the simplest possible mixture of grains, the
fractal probability distribution

P(ξ < r) =




P(ξ < r) = 0 r < rmin

1 − (r/rmin)
−n

1 − (Rmax/rmin)−n
rmin > r > Rmax

P(ξ < r) = 1 r > Rmax,

(9)

(wheren is the fractal dimension andrmin andRmax are the lower and upper cut-offs
of the fractal medium) has been proposed by Turcotte (1986, 1992) for sediment
mixtures deriving from a fragmentation process. The rationale behind using (9) is
that, with the exception of particles finer than silt, the origin of sediment is often
fragmentation. In reality, although the genesis of the fragments might be governed
by (9), sediment transport and deposition is usually size selective so that the actual
granulometric curve may differ (and often does) from a fractal curve. In particular,
the lognormal distribution is an interesting approximation of the grading curve for
the grains of several sedimentary rocks, as it has been shown (Spencer, 1963; Vischer,
1969; Garde, 1972; Kothiari, 1995) that natural size distribution curves are essentially
mixtures of three or less fundamental populations of lognormal grain sizes.

Figure 3(b) shows a plug obtained by deposition of grains having uniform dis-
tribution, where only the intergranular void space has been retained, to provide a
qualitative idea of the boundaries of the flow fields. As shown in Figure 3(a), this plug
has been extracted from a core that corresponds to the deposition control volume,
built sufficiently larger in order to avoid the mentioned wall effects. As shown in
Table II (mixtureA), the computed porosity for uniform samples like that in Figure
3(b) is around 0.418, a value that compares favourably with several results available
in the literature. In the same experimental conditions, Dexter and Tanner (1972)
have measured a porosity value of 0.406. Onoda and Liniger (1990) have studied
the onset of dilatancy on a mixture of mono-distributed glass spheres settled in a
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Figure 3. The deposition box (3(a), in bold) and the profile of the cylindrical core (inner
box) used for the extraction of the wall-undisturbed samples (plugs) shown in 3(b) and 3(c).
In these figures the intergranular void space inside the generated granular porous media is
shown. The figures correspond to two different granulometric curves, each characterised by
the same ratioL/R50 ' 90, beingL the side of the deposition box andR50 the average radius
of the deposed mixture. The case shown in 3(b) corresponds to a uniform grain distribution,
whereas 3(c) corresponds to the fractal distribution (9), withn = 1.6 andRmax/rmin = 10.
This is the three dimensional counterpart of the porous medium shown in Figure 1.

liquid. In order to control the effect of gravity on the packing density up to the limit
of a neutrally buoyant condition, they have studied the variation of porosity with
the density of the liquid, measuring a variation between 0.403 and 0.445. The latter
value has been obtained at the limit of zero submerged weight of the glass spheres
used in the experiments. A porosity value of 0.4 is supported also by the experimental
findings of Berryman (1983) for a monodisperse mixture in loose conditions. Coehlo
et al.(1997) in their numerical experiments have computed a porosity of 0.4121 while
the fourth model proposed by Jullien and Meakin (1987) provides a value of 0.418.
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Table II. Porosity(φ), specific surface (S), coordination num-
ber (C) and maximum number of contacts (M) computed for the
samples generated according to the distributions of Table I.

F(r)

A B C D E F

φ [-] 0.418 0.404 0.392 0.379 0.371 0.365

S[m−1] 550.2 583.7 621.3 656.1 689.5 701.9

C [-] 6.43 6.62 6.72 6.72 6.73 6.73

M [-] 10 19 37 54 64 70

A systematic analysis has been performed on lognormally distributed packings,
using the experimental results provided by Dexter and Tanner (1972) who have
studied mixtures of spheres obtained by mixing up to thirteen different size diame-
ters to generate loose packings according to five lognormal distributions (mixtures
B,C,D,E, F ), whose cumulative curves are shown in Table I. The authors have
measured the density of samples generated by carefully pouring a pre-mixed distri-
bution into cylindrical containers having a circular cross-section. For each mixture
the whole process was repeated four times, observing a variation of less than 1% in
the measured results, whose average values are shown at the bottom of Table I.

In order to test the procedure presented in this paper, we have numerically re-
peated Dexter and Tanner’s experiments by settling spheres corresponding to the
distributions of Table I into cylinders of rectangular cross-section (see Figure 3(a)),
whose dimensions have been chosen so that they are circumscribed about Dexter and
Tanner’s containers. The results of our simulations, repeated and averaged on four
different realizations, are shown in Table II and in Figures 4(a)–4(d). In Figure 5
some vertical cross-sections of the plugs are shown while in Figure 6(a) vertical
cross-section and a horizontal one are compared with reference to mixtureF.

In Figure 4(a) we compare experimental and numerical porosity. As can be ob-
served, our method overestimates porosity no more than 3%. However, it should be
taken into account that our simulations have been performed by settling spheres in a
rectangular vessel, where one can expect that the wall effect is higher than when using
Dexter and Tanner’s circular cylinders. Another information that can be computed
from the original data provided by Dexter and Tanner regards the specific surface
S, that is compared to the one of the simulated samples in Figure 4(b). In Figure
4(c) we show the computed coordination number. This is an information that cannot
be derived from Dexter and Tanner’s data and that is rather difficult to measure
from an experimental point of view. Our numerical results show that in this case the
coordination number does not significantly increase for samplesC, D, EandF. What
increases (see Figure 4(d)) is the maximum number of contacts observed inside the
samples, that seems to be linearly related to porosity.
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Figure 4. In Figures 4(a) and 4(b) the comparison between measured and computed porosity
(φ) and specific surface (S) are shown. The error bars correspond to a 3% limit. Figures 4(c)
and 4(d) show the computed coordination number and the maximum number of contacts for
a single grain, as a function of the computed porosity.

The same measurements have been performed on samples generated according to
distribution (9), wheren has been varied between 0.5 and 3, and theRmax/rmin ratio
has been kept equal to 10. The results are shown in Table III, while typical vertical
and horizontal cross-sections are shown in Figure 7. It may be interesting to note
that if one keepsRmax/rmin constant, increasingn does not lead to a decrease ofφ,
while in the case of the lognormal distributions investigated by Dexter and Tanner
the porosity is negatively correlated to the mixture standard deviation. Although
no counterpart of Dexter and Tanner’s experiments for distribution (9) is available
to our knowledge, the computed porosity value forn = 1.5 (Figure 7(i)) can be
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B

C

D

E

F

Figure 5. Vertical cross-sections obtained by samples generated according to the lognormally
distributed mixtures investigated by Dexter and Tanner (1972). Letters refer to Table I.
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Figure 6. Comparison between a horizontal cross-section (a) and a vertical one (b) corre-
sponding to mixtureF of Table I. In the vertical cross-sections, the poorer the grain sorting,
the more evident the sheltering effect of larger deposed grains is, deriving from the ballistic
nature of the genetic algorithm. This can be observed if one compares, for example, the
situation around grainB with the grains arrangement around grainA.

Table III. Porosity(φ), specific surface (S), coordination number (C)
and maximum number of contacts (M) numerically computed for 6
samples generated according to distribution (9)(Rmax/rmin = 10).

F (r)

n = 0.5 1 1.5 2 2.5 3

φ[-] 0.364 0.358 0.332 0.324 0.33 0.355

S[m−1] 3145 3641.7 4529 5488.2 6971.3 8067

C [-] 6.19 6.33 5.55 5.71 5.86 5.93

M [-] 36 44 59 77 96 130

compared to a result experimentally observed by DallaGiovanna and Vitali (1996),
who have measured the properties of granular aggregates obtained by sedimentation
of rounded grains, mixed according to distribution (9). These authors, working on
several samples, have measured a volumetric porosity ranging between 0.27 and 0.3.
In our opinion, these lower porosity values can be explained both due to a natural
compaction process, that is not taken into account in the presented algorithm, and
due to the considerably wider range of the linear dimension of the deposed sediment.
Actually, while DallaGiovanna and Vitali have worked with mixtures characterised
by aRmax/rmin ratio of approximately 100, due to memory constraints we limited
our simulation to the rangeRmax/rmin = 10.
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(7a) n=0.5 (7b) n=1 (7c) n=1.5

(7d) n=2 (7e) n=2.5 (7f) n=3

(7g) n=0.5 (7h) n=1 (7i) n=1.5

(7l) n=2 (7m) n=2.5 (7n) n=3

Figure 7. Horizontal (a–f) and vertical (g–n) cross-sections for porous media obtained
according to distribution (9)(Rmax/rmin = 10).
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Figure 8. Porosity for the sample shown in Figure 3(c), as a function of the radial distance
from the physical centre(xc, yc, zc) of the control volume. This is an example of identifi-
cation of the representative elementary volume (REV) associated with volumetric porosity
φ(xc, yc, zc). Distancer from (xc, yc, zc) is normalised with the average radiusR50.

It may be interesting to compare Figure 7(i) with Figure 1, approximately re-
flecting the same grain distribution. As could be expected, the three-dimensional
porous medium is not impervious in thex andy horizontal directions and presents a
different void space dynamic. If we define the horizontal area of a cross-section asA
and the overall area occupied by grains in the same cross-section asB, the observed
areal porosity is the complementary setC = A− B. In a three-dimensional porous
medium generated by sedimentation, grains are deposed on different horizontal
planes. Accordingly, theB set is the union of grain areas obtained by sectioning
the spheres along generic horizontal planes, whilstB in Figure 1 is obtained by
equatorial sections of a statistically equivalent spheres set. Accordingly, in the latter
caseB is maximised and, in turn, the porosity is minimised. This obviously questions
the validity of some conclusions derived by reasoning on simplified two-dimensional
structures like that portrayed in Figure 1.

The volumetric porosity associated with the fractally distributed sample of
Figure 3(c) has been investigated in Figure 8, where the porosity continuum scale
(REV, Bachmat and Bear, 1986) has been identified. As can be observed, as far as
porosity is concerned, a continuum approach seems already possible asr is greater
than 3R50, r being the radial distance from the centre(xc, yc, zc) of the plug andR50

the average diameter of the grain size distribution curve.
As a concluding remark, a further example of the possibilities offered by our

generation technique is that of providing a direct method for approximating the
tortuosity of a streamline (see, e.g. Bear, 1988) passing through a generated porous
medium. Quite simply, the trajectory of a fluid particle can be approximated by
keeping track of the path followed by a test sphere (that must be tiny with respect
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Figure 9. Tentative flow trajectory (line in bold) of a material point crossing the core corre-
sponding to Figure 3(b) under the action of a vertical driving force, compared with a straight
line starting from the same entry point (distances are normalized with the average radius
R50). The computed tortuosity value is 0.89.

to the characteristic linear dimension of the intergranular void space), falling inside
the void space of a generated porous medium. Due to its dimension, the sphere is
not intercepted during its fall and it contours the deposed grains, until the bottom of
the sample is reached. An example is given in Figure 9, where a trajectory is shown
with reference to the sample shown in Figure 3(b). The measured tortuosity value,
in the considered direction is approximately 0.89. Needless to say, this procedure,
approximating the motion of a particle under the action of a vector (the gravity
acceleration) that is constant in space, provides only a tentative trajectory for a fluid
particle, whose real motion is governed by the space varying pressure field and whose
exact determination requires the solution of Equations (2).

4. Conclusions

This paper is the preliminary part of a research project currently under way on
the solution of Stokes equations in three-dimensional granular porous media. We
believe that the physical comprehension of flow in porous media can benefit from
a better understanding of the physics of flow at the microscale. In this direction, an
important prerequisite is the identification of a procedure to reproduce the boundary
that confines the flow field. This paper presents the outlines of an algorithm to
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Figure 10. The geometry of the resulting porous medium can be changed if one relaxes
the tangency conditions between the grains. In this direction, grain indentation by pres-
sure solution mechanisms could be reproduced by increasing the radius of settled spheres
(Figure 10(a)). This causes non interconnected pores to appear, while the macropore structure
deriving from the largest grain sheltering effect remain to dominate the residual porosity. Here
a 15% radius increase has been performed on the plug of Figure 7(n). Another possibility
is provided by mapping the spheres according to a given transformation. In Figure 10(b) an
example of trigonometric mapping that does not alter the average grain radius is shown, with
reference to mixtureD of Table I.

generate synthetic (but reasonably realistic) granular porous media by simulating
the deposition process of spherical grains in the conditions typical of a viscous fluid
at rest. Accordingly, the unconsolidated generated medium emerges as the outcome
of a physical process, although simplified by neglecting compaction and cementation.
The numerical porous media could be used to explore topological properties of the
intergranular void space, in correspondence to different grain distribution curves. By
solving Equations (2), it will be possible to relate these properties to the hydraulic
properties of the flow field at the macroscale.

Although compaction and cementation have not been addressed in this paper, we
believe that the generated porous media provide a sound basis to simulate consolida-
tion. A simple example is provided by pressure solution processes, whose dissolution
and precipitation effects could be reproduced, as a first approximation, by slightly
increasing the radius of deposed spheres, as shown in Figure 10(a). Moreover, we
believe that the nucleation and growth of crystals (whose importance for the deter-
mination of the hydraulic properties of a rock can hardly be overrated, as shown,
for example by Wonget al. (1986) and Katz and Thompson (1986)) could be easily
implemented by using suitable automata, such as Diffusion Limited Aggregates,
(Witten and Sander, 1981; Jullien and Botet, 1987) on a discrete lattice where the
generated porous medium has been resampled.
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